Abstract. The generation of random tilings with arbitrarily high rotational symmetry is discussed from the point of view of substitutions. The methods are based on the analysis of geometric constructions with different allowed orientations increasing in this way the possible types of inflation rules for which the entropy can be computed in an exact way.
Introduction
Random tilings with high rotational symmetry have been studied in [2] . They are defined as projections from n-dimensional lattices into a physical space with lower dimension and numerical methods are usually necessary for the computation of the entropy. A different method, based on substitutions, may be used to generate random tilings. When the structures are obtained by local rearrangements of tiles included in the inflation rules, the configurational entropy can be computed in an exact way along the lines of [6] [7] [8] (see also [1] for a general result about patch counting and topological entropy for regular model sets). Highly symmetric tilings that are not yet relevant for modeling quasicrystalline alloys have other applications like the construction of photonic crystals [9, 10] . The reason is that by increasing the number of symmetries, the bandgaps become more isotropic.
Composition of inflation rules and tile rearrangements have been introduced in recent years in order to construct non-deterministic structures. In this paper we show that a wider class of tilings can be derived by means of random dissections of a given deterministic tiling. The allowed orientations increase and the entropy can also be computed, with the advantage that the inflation rules are applied to a much smaller number of prototiles.
Basic constructions
The geometric constructions, which are the basis of the tilings derivation, are generalizations and modifications of the systems of tangents of the deltoid studied in [11] for d-fold symmetries, with d odd and not divisible by 3. This systems of lines are included within the construction (B) described below, which is valid for any d odd.
In what follows EðnÞ denotes the integer part of n and s n sin ðnp=dÞ. By a d-system we mean one with straight lines in d orientations. The following sets of lines in the xy plane define for each d, up to mirror images, one or two finite patterns made with triangles having edge lengths s n , and containing information about the derivation of substitution or inflation rules.
The systems of lines are formed by x ¼ 0; y ¼ 0 and
where for n ¼ 1; 2; . . . ; m À 1, the index aðnÞ is defined as aðnÞ ¼ n (n ¼ 1; 2; . . . ; Eðm=2Þ), aðnÞ ¼ m À n (n ¼ Eðm=2Þ þ 1; . . . ; m À 1) and G aðnÞ is defined as
In this case the lines are x ¼ 0 and
where for n ¼ 1; 2; . . . ; 3m À 2 we have aðnÞ ¼ n (n ¼ 1; 2; . . . ; 3m À 3), aðnÞ ¼ 1 if n ¼ 3m À 2 and
For n ¼ 3m À 1 the term G aðnÞ is null and for 
The construction is obtained with
The term
Observe that for even symmetries of type 6m there are, up to mirror images, two different constructions ((A) and (C)) and for odd symmetries of type 6m þ 3 (and hence divisible by 3) we have also two ((B) and (D)). Although in general both constructions are necessary for the derivation of the substitution rules, for certain types of inflation factors one system is enough [4] . In some cases all the possible inflation factors are covered by one construction. This occurs, for instance, in d ¼ 8 where the construction (A) produces the following lines:
This particular case is represented in Fig. 1 (left), and was used in [5] for the derivation of substitution tilings with inflation factors s i =s 1 ; i ¼ 2; 3; 4.
In general arrows must be added to the triangle edges in order to generate tilings by means of substitution rules. The arrows are not necessary for the d ¼ 2m tilings with inflation factors s m =s 1 because the edge substitution rules are palindrome [7, 8] . There are several ways to assign arrows, all of them giving equivalent tilings. This was already noticed in relation to an heptagonal pattern derived independently in [3] which, by changing the arrowing (or colouring in the terminology used in [3] ), was latter proved to be equivalent to one of the d ¼ 7 patterns that can be generated with the arrowed systems of lines studied in [11] . However, a straightforward and unique prescription can be obtained by analyzing a 2d-system because it contains a d-system inheriting a structure on each edge. The d-system prototile edges appear subdivided into two segments and then we can adopt the criterion of assigning an arrow in the direction going from the longest to the shortest segment, and no arrow when the edge has a barycentric subdivision. Equivalently we can forget about the arrows by adding a new point to the edge. When the tiles are juxtaposed along an edge, the points on the edge match. In Fig. 2 (left) Fig. 1 (left) and the resulting construction is equivalent to the arrowed systems of lines used in [5] .
The edge substitution matrices associated with a d-system tiling can be interpreted as adjacency matrices of weighted directed graphs. A finite graph G consists of a finite set of vertices or states V and a finite set of edges E. If e is an oriented edge, iðeÞ 2 V is the initial vertex and tðeÞ 2 V is the terminal vertex. The oriented edge is labelled by a weight. The adjacency matrix of G has size the cardinality of V and if ði; tÞ 2 V 2 , its coefficient of index ði; tÞ is equal to the weight of the edge with initial state i and terminal state t. In the graphs represented in Fig. 3 one arrow means weight one and no arrow weight two. For all the cases we have analyzed it turns out that if the Perron-Frobenius (PF) eigenvalue of the adjacency matrix is a Pisot-Vijayaraghavan (PV) number then the corresponding digraph is disconnected and one of the components has a symmetric adjacency matrix. By taking into account tilings obtained by composition of inflation rules one gets, for d even and lower than 20, more than 70 PV inflation factors and 17 of them are also units [8] .
Generation of non-deterministic tilings
The following methods for the generation of non-deterministic substitution tilings have already been considered: (R1) Composition of inflation rules for the same prototile set for odd symmetries non divisible by three given in [11] .
(R2) Composition of inflation rules for 6m þ 3 or 6m-systems with different prototile sets [4] . (R3) Composition of inflation rules for 2m-systems with m 6 ¼ 3n and the same prototile sets. This is not possible for the inflation factors s m =s 1 [5] .
(R4) Tile rearrangements in the inflation rules for 2m-systems and inflation factor s m =s 1 [7, 8] .
(R5) Tile rearrangements in special cases based on different geometric constructions [6] . The configurational entropy per tile is defined as the logarithm of the number of tilings of a given size and shape divided by the number of tiles in the thermodynamic limit. For the cases (R1) and (R3) the entropy has not yet been computed whereas for the cases (R4) and (R5) it can be obtained in an exact way. For the case (R2) if S 1 and S 2 represent the prototile sets, where S 2 has the highest cardinality, and F 1 ; F 2 represent the inflation rules defined on S 1 ; S 2 respectively, then composition of the inflation rules produces patterns represented by F k 2 F nÀk 1 ½x where x 2 S 1 and k ¼ 0; 1; . . . ; n. Notice that in this case the number of tiles in each pattern for a fixed n is distinct, and we can adopt the convention of defining the entropy as the limit of the quotient with respect to the number of prototiles appearing in the pattern containing the highest number. The computation of the limit shows that, because the number of patterns is n þ 1 and the PFeigenvalue of the 2D substitution matrix is higher than one, the entropy is zero. Now we define a new type of random tilings with the help of the following constructions:
(E) In the 2d-systems derived in (A) and (C) and for the tiles sharing an edge with length s m , which therefore is not on the system border, we replace one or more edges with length s m by a rotated copy of an edge with length s mÀ1 . The case d ¼ 8 is represented in Fig. 1 (right) . The double lines represent the edges with length s 3 . Also the constructions (E) can be seen in Fig. 2 superimposed with the constructions (A) (for d ¼ 16) or (A) and (C) (for d ¼ 12), and the double lines representing the rotated copies of s 7 (Fig. 2, left) or s 5 (Fig. 2, right) (R6) First we derive a tiling with the deterministic inflation rules corresponding to a d-system followed by prototile subdivision by the 2d-system which contains it. Then we apply tile rearrangements given by the constructions (E) to the 2d-system. Let us look for the entropy of the structures. For the random tilings obtained with (R6) and denoted RT 2d j d;i , the number of patterns for d even at inflation step n is
where w x is the number of tile flips in the decorated tile x and N x n is the number of tiles of type x. If F x is the frequency of the prototile x, then the configurational entropy is
To conclude we present some examples. In Fig. 2 (left) we can see, for d ¼ 16, the constructions (A) and (E) superimposed. The 8-system is included within the 16-system and indicated by thick lines. In order to generate the structures we first subdivide the prototiles corresponding to the 8-system with the prototiles generated by the 16-system, then we apply the 8-system substitution rules with arrowing induced by the edge decomposition inherited from the 16-system, and finally we construct the random tiling by applying the 16-system tile flips. As an example, consider one of the two 8-system deterministic tilings T 8;3 with inflation factor s 3 =s 1 [5] . (Fig. 1 left) we have to include two more tiles, denoted a a; e e, with the same shape as a; e but different arrowings and substitution rules. In Fig. 4 the first inflation step for the tiles a; d, corresponding to the deterministic 8-system inflation rule [5] , is represented with thick lines. The prototile subdivision by the 16-system is represented with thin lines. There is one tile flip in d, and also one flip in the tiles e; e e and the corresponding d ¼ 16 edge flips s 8 $ s 7 can be obtained if we replace s 8 by rotated copies of s 7 , represented with double lines (in Fig. 4, s 8 intersects s 7 ) . By computing the normalized PF-eigenvector of the 2D tile substitution matrix we get the frequencies
The configurational entropy for RT 16 j 8;3 , according to equation (6) , is then S ¼ Log 2 2 .
The prototiles appearing in the two 6-systems (thick lines in Fig. 2(right) The application of (R4) gives tilings RT 2m;m with palindrome inflation rules and the configurational entropy can be obtained in general with the help of theorem 2 in [8] . The case RT 6;3 is special in the sense that, in addition to the tile rearrangements induced by the edge flips s 3 $ s 2 , we can also use the inflation rule g 7 ! gggg and the configurational entropy is S ¼ 2 Log 2 3 . The tilings 
